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Introduction
The most popular methods for primality testing today are based on small Fermat theorem: MillerRabin and SolovayStrassen primality tests. The reliability of these methods is not high enough. For example, in [13] , 24-and 25-valued numbers are found that will pass 12 and 13 of Miller-Rabin tests, respectively. Therefore, even a few dozen individual tests can not guarantee the primality of the number. In the Java language for numbers longer than 100 bits, an additional method is used: the Lucas test, [1] . This radically improves reliability, but a mathematical study of the combined use of these tests difficult.
The Frobenius method, that is, the method based on the Frobenius automorphism of the field GF (p 2 ) for prime p, has been known for a long time ( [3, 4, 5, 8, 7] etc.). In ( [4, 12] ), even some amplifications of this test are suggested. But for today, no single composite number is known to pass even the simplest version of the test. Although the book ( [3] , p.146), states that the number 5777 = 53 * 109 will be the Frobinius pseudo-prime for c = 5. It is easy to verify that this is not the case. Apparently, at this point in the book, the term "Frobenius pseudo prime" is used in a slightly different sense.
In addition, in [4, 5] an upper bound on the error probability of the method (≈ 1/1300) is proved. This is much less than the estimate for the Miller-Rabin (1/4) method, but still the error probability looks very significant.
All this led to the fact that the Frobenius method has been greatly underestimated. In fact, to date there is no counterexample to this method and there is reason to believe that they do not exist at all.
Frobenius test is just to check some equality in quadratic extension of the integers modulo prime p.
The equality of the norms of the corresponding elements is equivalent to the Fermat test, and the equality of the irrational parts is a Lukas test. That is, the Frobenius test is a natural union of these two tests.
The complexity of the Frobenius test twice the complexity of the methods Fermat or Miller-Rabin, that is equal to the complexity of two such tests.
The Miller-Rabin test for the number n begins with the choice of the base a, which is relatively prime to n. As the base, take either the first prime numbers (2, 3, 5, . . . ), or make a pseudo-random choice of the number a that is relatively prime to n.
In the usual definition of the Frobenius test (see, for example, [4, 5] ), it is also suggested to make a pseudorandom choice of the "base" z = a + b √ c. In this paper, we propose to fix this choice in the form 2 + √ c or 1 + √ c depending on c (for details see the definition (2.1)). This is much more convenient and, most importantly, quite enough. Nevertheless, most of the proofs is given for arbitrary a, b.
At the beginning of the paper (section 1) we give the necessary information and fix the notation. The 2 section defines the Frobenius method (Definition 2.1)) and proves its properties.
In this paper, statements that require only mathematical reasoning are called "Theorems" (2.7...2.20), and statements that require computer calculations are called "Propositions" (3.1...3.13).
The main result of the paper is the Proposition 3.13, claiming that the Frobenius method does not err on the numbers less 2 64 .
1 Notations and preliminary information 1.1 Pseudoprimes Definition 1.1. ( [11, 3] ) A composite number n is named pseudoprime to a base a when a n−1 ≡ 1 mod n.
Pseudoprime numbers quite a lot. Among the numbers less than 2 32 there are 10 403 pseudoprime base 2, among the numbers less than 2 64 exactly 118 968 378 (see [6] ). Several checking reduces the number of errors, but not very much. For example, among 10 403 base 2 pseudoprimes less than 2 32 pseudoprime on the base 2 and 3 is 2318. The transition from pseudoprimality to more complex methods (Miller-Rabin or Solovey-Strassen, [11] ) does not significantly improve reliability. The number of errors is reduced to three or four times.
Jacobi symbol
Let's write out the basic properties of the Jacobi symbol ( [11, 2] ), which we denote J(a/n). We denote by gcd(a, b) the greatest common divisor.
• J(a + n/n) = J(a/n).
• If p is prime and gcd(a, p) = 1, then J(a/p) = a (p−1)/2 mod p.
• Let n is odd and n = n 1 n 2 . Then J(a/n) = J(a/n 1 )J(a/n 2 ).
• Let p, q are odd. Then J(p/q) = (−1)
We write out the values of the J(a/n) for some a:
Frobenius index
In the number theory the concept of "least quadratic non-residue mod p" is widely used, that is, for the natural number n find the smallest positive c such that J(c/n) = −1. In our case, a similar but slightly different value is required. From the multiplicativity of the Jacobi symbol it follows that if a Frobenius index is positive, then it is prime.
It is not difficult to find out when the Frobenius index c = ind F (n) takes small values: It is easy to find out when the Frobenius index c = ind F (n) takes small values: If n ≡ 3 mod 4, then c = −1.
If n ≡ 5 mod 8, then c = 2. Now we assume that n is not divisible by 3. If n ≡ 17 mod 24, then c = 3. If n ≡ 1 mod 24, then c ≥ 5. Now we assume that n is not divisible by 3 and 5. If n ≡ 73 or 97 mod 120, then c = 5. If n ≡ 1 or 49 mod 120, then c ≥ 7.
Quadratic field
Let c is a square-free integer and
The number a is called a rational part of z, a = Rat(z), and b is irrational part,
If p is prime and J(c/p) = −1, then the ring
is a Frobenius automorphism and
In this case z p ≡ z mod p.
2 Frobenius primality test
Definition
Definition 2.1. Let n is an odd number, not perfect square and c = Ind F (c) is a Frobenius index. Let
We call n a Frobenius prime if
Remark 2.2. If J(c/n) = 0 then n is divided by c. This is a trivial case. So we shall assume that J(c/n) = −1. The equality (2) holds for any prime n with J(c/n) = −1. If composite number n if a Frobenius prime, then we call it a Frobenius pseudoprime(FPP). More precisely, if z = a + b √ c and z n ≡ z mod n, then the number n will be called Frobenius pseudoprime with parameters (a, b, c), or F P P (a, b, c) .
In other words, the FPP numbers are those on which the Frobenius method is wrong.
Example 2.3. Let n = 19, so c = −1, z = 2 + i,
Example 2.4. Let n = 33, so c = −1, z = 2 + i,
Example 2.5. LEt n = 17, so c = 3, z = 1 + √ 3,
Note that if n is F P P (a, b, c), then n is pseudoprime to a base N (z) = a 2 − b 2 c, that is, the Frobenius test includes the Fermat test.
A comparison of the irrational components is actually a Lucas test. Thus, the Frobenius test is a combination of the Fermat and Lucas tests.
Hypothesis. Frobenius pseudoprime numbers do not exist! In other words, the Frobenius test is never wrong. Do not try to find a counterexample by a straightforward search. It is proved that it is not among the numbers less than 2 64 . More likely to find it in the form of the product is simple.
Remark 2.6. Choice with the base z = 2 + √ c or z = 1 + √ c is not random. For some n may exist "bad" bases, or in the terminology of the works [4, 5] "liars". The smallest example is n = 7 · 19 · 43 = 5719. In this case the base z = 4689 + √ −1 is "liar" that is z n = z mod n.
Main theorem
The following statement (in slightly different formulations) is proved in ( [4, 12, 8] ).
Theorem 2.7. Let n be an F P P (a, b, c), n = pq where p is prime. Then
Proof. Let J(c/p) = −1, then z p ≡ z mod p. The number n is FPP, that is z pq ≡ z mod pq, so
and z q ≡ z mod p .
Let J(c/p) = +1, then z p ≡ z mod p. The number n is FPP, so z pq ≡ z mod pq and and gcd(a q − a, b q + b) = 37, so so p can be only 37.
Remark 2.11. Although the numbers a q , b q grow rather quickly, the corresponding common divisor are not too large and can be factorized up to q equal to many millions.
Multiple factors
Theorem 2.12. Let p be a prime, n = p 2 q for some q (q can be a multiple of p) and n be a F P P (a, b, c). Then
Proof.
On the other hand
is a norm of z.
Φ-positive factor
Definition 2.14. Let n be a Frobenius pseudoprime with parameters (a, b, c). The prime factor p of n we call Φ-positive, if J(c/p) = +1 and Φ-negative, if J(c/p) = −1.
Theorem 2.15. Let n be a Frobenius pseudoprime, z = a + b √ c and p is a Φ-positive prime factor of n, n = p · q, c ≡ d 2 mod p. We introduce the notation:
Proof. By definition:
we obtain the required.
Proof. Multiplying equalities (3) and (4), we obtain
or N q−1 = 1, and dividing them into each other
Corollary 2.17. Let α = ord(N mod p) and β = ord(w mod p). Then
Proof. We have:
These two conditions can not be fulfilled simultaneously if α and β have a common factor > 2.
Corollary 2.18. Let n be a Frobenius pseudoprime, z = a + b √ c, p is s Φ-positive prime factor of n and
where
Proof.
If q is increased by a multiple of ord(z 1 mod p) and ord(z 2 mod p), then both sides of the equalities (3) and (4) do not change .
Note that both ord(z 1 mod p) and ord(z 2 mod p) are divisors of p − 1, so their least common multiple is also a divisor of p − 1.
Agreed prime factors
Let n be FPP and p its Φ-positive prime factors. Corollary (2.18) can be written in the form
If p is a Φ-negative prime factor n, according to the main theorem (2.7)
Let p 1 , p 2 are two different prime factors of FPP n, Φ-positive of negative and n = p 1 p 2 q. So:
From this it follows that in this case it must be fulfilled
This relation does not depend on q, only on p 1 and p 2 .
. Two primes will call z-consistent, or simply consistent, if the relation (5) holds for them. 
Results of calculations
A hypothesis asserting that there are no Frobenius pseudoprime (FPP) can not yet be proved. Consider what we managed do in this direction.
Direct computation
We check all composite odd numbers that are not complete squares on FPP. On a usual computer (Intel(R) Pentium(R) CPU G4500 @3.50GHz) for a few days were all numbers are checked up to 30 cdot10 9 . Check all composite odd numbers that are not complete squares on the FPP. On usual computer (Intel(R) Pentium(R) CPU G4500 @3.50GHz) in a few days was checked all numbers up to 30 · 10 9 . So: Proposition 3.1. There is no FPP less than 30 billions.
Large Frobenius index
It has already been said above that if n ≡ 1 mod 24, then ind F (n) ≥ 5. The Frobenius index can be arbitrarily large. Among the numbers < 2 32 , the largest value of the index (101) has the number 2805 44 681. In the paper [10] 
All factors except one
Let n be F P P (a, b, c) and p the prime factor of n, q = n/p. In this case z = a + b √ c ∈ Z and z q = a q + b q √ c.
According to the Corollary (2.8) of the main theorem the number p is a divisor of D = gcd(a q − a, b q ± b), where the sign "+" or "−" is taken depending on the sign a J(c/q). Thus, for a fixed z = a + b √ c, for each positive q we perform the following steps:
. for each p i check whether the number of
If q is of the order of several million, then a q , b q will have a length of up to tens of millions of bits. However, the number D in all cases will not be so large and, most importantly, is decomposed into small prime factors.
Within a reasonable time (hours) the result is as follows:
If we assume that n = pq < 2 64 , then most of these n, can be directly check on FPP. 
Φ-negative factors of intermediate size
In the previous subsection it was shown that the potential Φ-positive prime factors occur very rarely. For Φ-negative factors no such properties can be detected, that is, any prime number for which J(c/p) = −1 could, in principle, be a factor of the FPP. However, if we limit ourselves to only FPP less 2 64 , then we can impose some restrictions on such divisors. 
Proof.
The absence of Φ-positive factors of this size proved earlier. Therefore, we consider only Φ-negative factors. Let n < 2 64 be a FPP with z = a + b √ c, c < 128 and p be a prime factor of n, J(c/p) = −1. We denote n/p by q. According to the main theorem (2.7):
that is q ≡ 1 mod ord(z mod p). or q = 1 + kQ p for some k ≥ 1, where Q p = ord(z mod p). As n = pq < 2 64 , then q < 2 64 /p. Hence, we find the restriction on k: k ≤ k max . This means that the only valid candidates for the FPP will be in the numbers p(1 + Q p ), p(1 + 2Q p ), . . . , p(1 + k max Q p ).
As a result, in a reasonable time (a few hours for a fixed Frobenius index) you can check all Φ-negative number in the interval 2 17 . . . 2 32 .
Example 3.7. Let z = 2 + i, p = 10 000 019. Then Q p = 1 666 730 000 060 = (p 2 − 1)/6 and for any k ≥ 1: n = pq > 2 64 . That is, for this p there's no acceptable q. Let p = 1 000 003. Then Q p = 1 000 006 000 008 = p 2 − 1 and inequality n = pq < 2 64 holds for k ≤ 18. That is acceptable q is:
1 + Q p , 1 + 2Q p , . . . , 1 + 18Q p .
It is easy to check that for all this q the number n = pq is not FPP, i.e. that p cannot be a divisor FPP < 2 64 . Let p = 100 003. Then Q p = 434 808 696 = (p 2 − 1)/23 and inequality n = pq < 2 64 holds for k ≤ 424 236. Verification of all such q will already take quite some time (several minutes), but still can be performed.
By a somewhat larger search, it is possible to construct for each index c < 128 a complete list of admissible simple Φ-negative prime factors of FPP. For example, for c = −1 (z = 2 + i) the list will consist of 2424 prime numbers: 3, 7, 11, 19, 23, 31, 43, 47, . . ., 108971, 109279, 110023.
